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h0(�x,t)ẑ pointing in the perpendicular direction normal to
the film plane, and perpendicular anisotropy mzẑ. Crystalline
anisotropy, characterized by the anisotropy field Hk, is as-
sumed sufficient to overcome the local demagnetizing field so
that Hk > Ms. Time, space, and fields are normalized by scaled
versions of the Larmor frequency |γ |μ0Ms(Q − 1), exchange
length Lex/

√
Q − 1, and saturation magnetization Ms(Q − 1),

respectively, where Q = Hk/Ms > 1. We note that for the
solitons studied here, the magnetostatic field is approximately
local for films with thickness much smaller than Lex/

√
Q − 1

(see Discussion in Ref. 17). For Co/Ni multilayer anisotropic
ferromagnets used in recent experiments,19 the temporal
scale and length scale are approximately 27 ps and 17 nm,
respectively, and α ≈ 0.01, Q ≈ 1.25, and Ms ≈ 650 kA/m.
References to dimensional results use these parameter values.

In what follows, we assume that a localized excitation
of large amplitude has been nucleated by a spin torque
nanocontact12 or some other means. The rest of this work
is concerned with the manipulation of this structure in a lossy
medium by use of an external field.

When h0 = α = 0, Eq. (1) admits the conservation of total
spin, momentum, and energy,

N =
∫

(1 − cos �)d �x, �P =
∫

(cos � − 1)∇�d �x,

E0 = 1

2

∫
[|∇�|2 + sin2 �(1 + |∇�|2)]d �x,

respectively, where all integrals are taken over the plane
and � and � are the polar and azimuthal angles of the
magnetization, respectively. Minimizing the energy subject to
fixed N and �P leads to a two-parameter family of localized,
precessing, stable traveling waves called propagating droplet
solitons parametrized by their velocity �V and frequency in the
comoving frame ω.17 There is a bijective map from (N , �P) to
the physical parameters (ω, �V ). Droplet localization requires
that the velocity and frequency of the propagating droplet lie
below the spin wave band, enforcing the restriction13

ω + | �V |2/4 < 1, �V �= 0, 0 < ω < 1, �V = 0. (2)

We note that it is possible for moving droplets to exhibit
negative rest frequencies ω < 0.17 Typical droplet widths are
of order 1, and hence are nanoscale excitations. Stationary
droplets with rest frequencies close to 0 resemble static circular
bubbles, which have received a great deal of attention in the
past.20 However, typical bubble sizes are much larger. With the
inclusion of nonlocal magnetostatic fields, Thiele21 predicted
that a static bubble will be stable for a 5-nm-thick film with a
radius above 63 μm. Thus, droplets can be viewed as smaller,
dynamic generalizations of the static bubble.

Allowing for weak damping (α � 1) and a slowly varying
magnetic field (|∇h0|,|∂th0| � 1), with no restriction on the
magnitude of h0, causes the total spin, momentum, and
energy to evolve in time. Through the map to (ω, �V ), we can
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